Abstract: A high-order nonlocal continuum beam model is proposed, which can be applied to study the transverse vibrations of double-walled carbon nanotubes (DWCNTs), including those that could have initial deformations due to defects or external actions. A beam element is developed adopting Hermite cubic polynomials as shape functions, and mass and elastic stiffness matrix are presented. The influence of the nonlocal parameter on the vibrational properties of DWCNTs is studied. Using the proposed model, it was found that the nonlocal parameter has a strong influence on the natural frequencies.
Introduction
Due to the increasing importance of nanotechnology in the last years, carbon nanotubes (CNTs) have proven a great potential as a material because of their mechanical, thermic, and electrical superior behaviors in relation to other materials. A variety of applications are being studied such as nanoelectronics, nanodevices, liquid and gas carriers, and fillers in composite materials, among others [1] [2] [3] [4] .
There are three major approaches for studying CNT: atomistic simulations that include techniques such as molecular dynamics (MD) [5] [6] [7] with great precision but high computational cost, hybrid atomistic-continuum models [8] [9] [10] where interatomic potentials are added through equating molecular potential energy with mechanical strain energy, and finally continuum models that simplify the structure to be considered but allow studying large systems with low computational cost. Continuum models can be developed as beam models, shell, or plate models [11] [12] [13] .
The use of continuum models in small scales is questioned because of the discrete nature of CNTs and because, in nano-or microdimensions, the atomic lattice becomes important. In other words, the material properties are size dependent and the scale effect must be considered [14] . In the field of stress gradient elasticity theories, Eringen's nonlocal theory [15] states that the stress at a reference point depends on the strain field of all points in the body; therefore, information about interatomic forces should be added. Peddieson et al. [16] showed that nonlocal theory could be applied to nanotechnology. The major advantage of the nonlocal model depends on the scale parameter to be used, which must be properly adjusted. Eringen [15] defined the parameter e 0 like a constant appropriate to each material. However, the value of e 0 found in the literature differs with the nature of the problem and the model used for its calibration. Wang [17] pointed out that nonlocal theory should be used to correctly predict wave propagation, and he was the first to estimate the scale parameter. Duan et al. [18] calibrated the parameter for a Timoshenko beam model (TBM) and found that the parameter e 0 depends on the aspect ratio, vibration modes, and boundary conditions. Ansari et al. [19] validated a shell model with MD to obtain parameter values based on the boundary conditions showing that the values are not chirality dependent. Ansari and Sahmani [20] adopted a different nonlocal parameter corresponding to different nonlocal beam theories.
Various available beam theories, including the Euler-Bernoulli, Timoshenko, Reddy, and Levinson beam theories, are reformulated using strain or stress gradient elasticity theory and have been used to obtain natural frequencies of vibration [21] . Natural frequencies of both Euler-Bernoulli beam model (EBM) and TBM tend to decrease due to nonlocal effects [22] . However, Di Paola et al. [23] presented the dynamics of a TBM within a mechanically based approach to nonlocal elasticity. They showed that the natural frequencies tend to increase with the internal length and are larger than the corresponding classical theories. Xu et al. [24] found a special frequency w o in a series of resonant frequencies from which some noncoaxial vibrations will occur. Xu et al. [25] employed strain gradient elasticity with internal inertia and found that, for higher vibrational modes, both frequencies and amplitude ratios deviate from the predictions of classical elasticity.
Concerning the numerical methods for obtaining free vibrations of CNT, Adali [26] presented a variational formulation for free and forced vibrations. Shakouri et al. [27] presented an approximate approach through the Galerkin method. Eltaher et al. [28] used a finite element method for the study of vibrations in Euler-Bernoulli nanobeams. Alotta et al. [29] presented a finite element method for nonlocal TBM that relies on the idea that nonlocal effects consist of long-range volume forces and moments exchanged by nonadjacent beam segments.
In this work, the higher-order beam model (HBM) developed by Ambrosini [30] and Ambrosini and de Borbón [11] is extended, including the nonlocal scale effect. A finite beam element is developed and the element stiffness and mass matrix are presented. The numerical examples allow studying the influence of the scale parameter for different aspect ratios and boundary conditions.
Analysis and methodology

Nonlocal theory
According to Eringen [15] , the stress at a reference point r not only depends on the strain tensor at the point r but also on the strain tensor at all other points r′ of the body. The nonlocal stress tensor can be expressed as
where t(r) is the macroscopic stress tensor and λ(|r-r′|, α) is the nonlocal modulus or attenuation function that is a function of the distance in Euclidean form |r-r′| and a material constant a. a is defined as e 0 a/l, which depends on the internal characteristic length a (lattice parameter, granular size, and distance between C-C bonds) and the external characteristic length l (crack length and wave length). The e 0 parameter is a dimensionless constant appropriate to each material, which can be estimated by tests or numerical simulations. There is no unique value of e 0 for CNTs because it is related to the complex internal microstructure and is supposed to depend on both the size and the chirality of CNT. The kernel function λ(|r-r′|, α) is given by [15] as
where K 0 is the modified Bessel function. By combining Eqs. (1) and (2), the constitutive relations for elastic solids may be obtained as
:
where ∇ 2 is the Laplacian operator, e is the strain tensor, and C is the fourth-order elasticity tensor. When the nonlocal parameter e 0 a is equal to zero, the constitutive equations of the classical theory are recovered.
Governing equations of motion
The nonlocal effect is incorporated to the continuum model developed in Ref. [30] . This continuum model is a HBM for thin-walled beams, which takes into account shear deformations and rotatory inertia in the differential equations and internal forces. It can be used in open section beams and closed sections as well. Because the beams have a predominant dimension over the other two, the constitutive relation to the nonlocal effects is stated as 
Nonlocal model for double-walled carbon nanotubes (DWCNTs)
In double-walled carbon nanotubes (DWCNTs; or MWCNT), the deflections of the tubes in the x and y directions are coupled through the van der Waals (vdW) intertube interaction pressure p. The torsional deflections remain uncoupled. Because the inner and outer tubes are originally concentric and the vdW interaction is determined by the interlayer spacing between the tubes, the net vdW interaction pressure remains zero for each tube if they vibrate coaxially and share the same deflection curve. For a multiwalled beam model, the tubes are described by individual deflection curves that may not be coincident. Therefore, for small amplitude noncoaxial linear vibration, the vdW interaction pressure at any position x (or h) between two tubes depends linearly on the difference of their deflection curves at that position [31]
where c is the vdW interaction coefficient between the tubes. The coefficient c can be estimated as [32] : 2 2 320 ( 2 ) erg / cm 1, 2, , 0.16
where α = 0.142 nm and r k is the radius of the tube considered. Other expressions of c k are available in the literature, but, as proved in Ref. [33] , the choice of c k widely influences the noncoaxial frequencies.
where M x and M y are the flexural moments; B is the bimoment; r is the mass density; F is the cross-section; J x and J y are the moments of inertia about the principal axes; J d is the torsional modulus; J j is the sectorial moment of inertia; a x and a y are the shear center coordinates; q is the twist about z; and q x , q y , and m a are the external loads per unit length. G mx and g my are given by
where Q x and Q y are the shear forces, k x and k y are the Cowper coefficients, and G is the shear modulus. Finally,
The expressions for the flexural moments and bimoment are
Considering that μ = (e 0 a) 2 , deriving Eqs. (8) and combining Eqs. (8) and (5), the differential equations of motion are obtained as For concentric DWCNTs, A and O ( Figure 1 ) are coincident, but in some cases the nanotubes could have initial deformations due to, for example, defects, external actions, and attached masses in CNT-based resonators. In this case, the general model should be applied. When A and O are coincident, as a result of the axial symmetry of nanotubes, only displacement x is considered in plane xy. Hence, considering Eqs. (9) to (11) 3  2  2  4  2  2  2  2  2  3  2  2  2  2  2   5  4  4  6  2  2  2  2  2  2  2  2  4  2  3  2   2  2  2  1  1  2  1  1  2  2 -- ---
Nonlocal model for DWCNT
A finite beam element is developed from the Galerkin method for differential operators. The differentials equations must be replaced by a weak form, which is equivalent [34, 35] . Following the methodology presented by de Borbón et al. [36] , the mass and stiffness matrix for nonlocal formulation are obtained.
Variational formulation and beam element
First, the equations of motion are expressed in terms of displacements eliminating the shear strains: ---
Equations (14) and (15) along with the boundary conditions represent the strong form of the problem. From the Galerkin method for differential operators,
where A(u i ) represents the differential equations with u 1 = x, u 2 = h, and u 3 = q. The weak problem is to find: 
The expressions of the stiffness and mass element matrices are finally presented with the nonlocal formulation. The mass matrix is shown like a sum of matrices only with the purpose of clarifying its content. The stiffness and mass element matrices have been ordered showing the flexural-torsional coupled terms. 
The first two matrixes M 1 e and Mnl 1 e have the terms of mass of classical and nonlocal theories, respectively. The M 2 e matrix has the terms that affect the accelerations originated by the shear deformations. Finally, M 3 e and Mnl 3 e have terms that affect the accelerations originated by the shear deformations but associated to fourth-order time derivative. In slender beams, this last matrix can be neglected [37] . 
where the bilinear operator B(u i ,v i ) has mass and stiffness terms and the lineal operator l(v i ) has the boundary conditions. The chosen trial functions u i have the following characteristics: 
The Hermite cubic polynomials are chosen as shape functions to interpolate the displacements of u i and v i (Figure 2) .
The displacements of an element of length h e are defined as 
Eigenvalue problem
The eigenvalue problem is
where
If it is called
Equation (31) can be expressed as
Equation (31) can be expressed in matrix form as
The angular frequency and the frequency can be found as 
Results and discussion
To validate the beam model and the methodology proposed, numerical examples are reproduced from Ehteshami and Hajabasi [38] . The model proposed was implemented in a finite element program considering that the mass and stiffness element matrices can be programmed and assembled in any computational frame (e.g. MATLAB). Afterward, the coaxial and noncoaxial frequencies are obtained for nanotubes of different aspect ratios. The influence of the nonlocal parameter, shear deformation, and boundary conditions is studied. 
Model validation
The nanotubes in consideration are simply supported and clamped. They have the following mechanical and geometric properties: Tables 1 and 2 .
For both DWCNTs, the results obtained with the proposed model are in excellent agreement with those of the referenced paper [38] .
Coaxial and noncoaxial frequencies
To investigate the vibration characteristics of different aspect ratio nanotubes (10 and 20) , numerical examples are carried out considering in the beam model the shear EBM for all nonlocal parameters. This difference on the frequency value is more pronounced on short beams and higher modes. For a 14 nm length nanotube, the frequency decreases by 2% on the first mode and 13% on the third mode for all boundary conditions. However, for a 28 nm length nanotube, the frequency of the third mode decreases by approximately 4%. For both lengths, when the nonlocal parameter increases, the influence of shear deformation decreases in simply supported and cantilever beams, increases in clamped beams, and remains constant in clamped-hinged beams. This behavior is better observed in short beams. Concerning the nonlocal parameter, when this parameter increases, the natural frequencies of vibration decrease for both TBM and EBM. When α = 0.3, for the first mode, the frequency decreases by 25% in the simply supported beam, 15% in the cantilever beam, 30% in the clamped beam and 28% in the clamped-hinged beam. These percentages of reduction in the frequencies are similar for nanotubes of both aspect ratios. If the third mode is observed, the natural frequencies decrease by approximately 60% for all boundary conditions. Hence, the influence of the nonlocal parameter is crucial on higher modes. Even when α = 0.1, the frequencies of the first and third modes decrease by approximately 5% and 25%, respectively.
Regarding the noncoaxial frequencies, as established in Ref. [11] , it can be assumed that the noncoaxial frequencies are insensitive to shear deformations and independent of the boundary condition of the nanotube. When the nonlocal parameter increases, the noncoaxial frequencies also increase. For α = 0.3, the value rises by 2%. However, a difference of 2% is negligible compared to a difference of 25% in the first mode.
The value of e 0 found in the literature differs with the nature of the problem and the model used for its calibration as can be seen in Table 11 .
Zhang et al. [40] showed that the difference between the MD simulations and a nonlocal TBM was approximately 14% for clamped-free beam and 12% for clampedclamped beam considering a fixed nonlocal parameter. The values of Ansari and Sahmani [20] in Table 11 [40] and obtained a completely different parameter. The results of the calibration of the parameter e 0 for the model proposed in this work for single-walled (SWCNT) and DWCNT is presented in Table 11 and Figures 3 and 4 .
Both figures show an excellent agreement between the proposed beam model and the results from MD simulations. For DWCNT, better accuracy is obtained when the aspect ratio is l/d > 10. The nonlocal parameter value increases as the aspect ratio increases and it depends also on the boundary conditions. The values of α = e 0 a/l are 0.25-0.26 for C-F SWCNT, 0.11-0.17 for C-C SWCNT, 0-0.22 for S-S DWCNT, 0-0.20 C-C DWCNT, and 0-0.21 C-S DWCNT. Eventually, it could be chosen a fix value of a, admitting an error. frequencies are very sensitive to the nonlocal parameter chosen for all boundary conditions, aspect ratio, and both TBM and EBM. The coaxial frequencies decrease, whereas the nonlocal parameter increases, and this influence is significant in higher modes. An opposite behavior is observed in noncoaxial frequencies, but the increase in the frequency is minor and can be neglected. The nonlocal parameter is calibrated for SWCNT and DWCNT. It depends on the beam aspect ratio and boundary conditions.
Conclusions
A finite beam element on a HBM is proposed to study the transverse vibrations of DWCNTs, including those that could have initial deformations. The element mass and stiffness matrices are presented and can be programmed in any computational frame. The model is applicable to arbitrary boundary conditions. It was numerically validated against other results from the literature and the numerical results are in good agreement with those of referenced work. A numerical study was carried out to study the influence of the nonlocal parameter on the coaxial and noncoaxial natural frequencies of different aspect ratios of DWCNT of different boundary conditions. The 
